FACTORS OF GIBBS MEASURES FOR FULL SHIFTS

M. POLLICOTT AND T. KEMPTON

ABSTRACT. We study the images of Gibbs measures under one
block factor maps on full shifts, and the changes in the variations
of the corresponding potential functions.

1. INTRODUCTION

In this note we consider the images of invariant measures under simple
factor maps. Let o1 : X1 — X7 and o3 : X9 — X5 denote two full shifts,
on finite alphabets A and B, respectively. Assume that IT: X1 — 35 is a
one block factor map (i.e., a semi-conjugacy satisfying Ilo; = o511 where
(II(z))o = m(xo) for a surjective map m : A — B). Furthermore, let us
consider a oy-invariant probability measure (i, which is a Gibbs measure
for a potential function v, : ¥; — R. In particular, the image v = 7,1y,
will be a gy-invariant probability measure.

A very natural question would be to ask under which hypotheses on 1/,
would v be a Gibbs measure for a potential 5 : ¥5 — R (i.e., v = py,),
and how the regularity of 1, is reflected in that of 5.

In the particular case that ¢, is locally constant, and thus f, is a
generalized Markov measure, it was shown by Chazottes and Ugalde in (2)
that v is a Gibbs measure for a Holder continuous function 5 : 35 — R
(i.e., v = fy,), although not necessarily still a generalized Markov measure.
One of our main results is the following.

Theorem 1.1. Assume that )~ nvar,(¢1) < 400 then
Yoo o vary (e) < +00.

The method we describe can be extended to the case of suitable subshifts
of finite type and factor maps. These results will appear in a separate paper
by the first author.

In section 2 we recall some basic properties of Gibbs measures. In section
3, we discuss a construction of the potential function 5. In section 4 we
present the proof of a key step in this construction (Proposition 3.2).
Finally, in section 5 we present and prove the main results.

After completing this work, Ugalde informed the authors of his contem-

poraneous work with Chazottes. In (3) they have proved related results
1
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using a somewhat different method. In particular, in (3) it is shown that
if 00  n*tevar, (1) < 400 then > >° var, (1) < +00. However, the
methods there appear to give sharper bounds on the actual rates of decay
of the terms var,(1)2) as n — 400 than we can obtain.

2. GIBBS MEASURES AND EQUILIBRIUM STATES

We begin with some general definitions and results. Given k > 2, let
> ={1,---,k}%" denote a full shift space, with the shift map o : ¥ — %
defined by (ow), = w,4+1. For each n > 0, we define the nth level
variation

var, (¢) := sup{[¢(z) = ¥ (y)| - @i = 4,0 < i <m—1}.

of ¢ : ¥ — R. Continuity of the function v corresponds to var,, (1)) — 0
as n — +00.

We say that ¢ has summable variation if ) var, (1) < 4o0. Stronger
still, we say that 1 is Holder continuous if there exists 0 < 6 < 1 such

that
1llo = sup {Vargfw} < +oo.
n>1

Given any continuous function ¢ : ¥ — R on a subshift of finite type %,
we can define the pressure by

P() = sup {h(u) +f wdu}

nemM

where the supremum is over the space M of all o-invariant probability mea-
sures. This is equivalent to other standard definitions using the variational
principle (5).

A measure which realizes this supremum is called an equilibrium state.
Any continuous function has at least one equilibrium state and every in-
variant probability measure is the equilibrium state for some continuous
potential (cf. (4)). If ¢ has summable variation, then there is a unique
equilibrium state . Given zg,- -+ ,z,—1 € {1,--- ,k} we can denote

(2o, xp| ={w e X w=x;for0 <i<n-—1}.
We have the following alternative characterization (cf. (1)).

Lemma 2.1. If v has summable variation then the following are equiv-
alent:

(1) A o-invariant probability measure p is the unique equilibrium
state for 1; and
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(2) There exists Cy,Cy > 0 such that

M[wOa e ’wn—l]
(0 () —nP) = @

¢, <

for all w € X.

We shall refer to the unique invariant measure satisfying the Bowen-
Gibbs inequality (1) as a Gibbs measure (in the sense of Bowen (1)).

Since we are primarily interested in measures, rather than functions, we
can replace 1 by 1 — P(¢) (and still have ji, = fty,—p(p,)) and so in the
sequel we shall assume, without loss of generality, that P(¢)) = 0.

Remark 2.2. For the two sided shift shift 0 : ¥ — Y on ¥ = {1,--- , k}Z
and a function ¢ : ¥ — R we can define var,(¢) = sup{|¥(z) —
V)| @ =y, i) <n—1} IF D07 n?var,(¥) < 400 we can add a
coboundary to obtain a function ¢’(z) which depends only on (x,)2,
and for which ) jnvar, (¢') < 400. Then Theorem 1.1, for example,
applies.

3. CONSTRUCTING THE POTENTIAL 1)

If 1y, is a Gibbs measure for a continuous function ; (satisfying P(¢1) =
0) then we can write

n+1x
V[zo, - s 2] = Z Ly [0, -+ ] = Z el (@)

Z0o, " Tn Z0,yTn
with each summation being over finite strings zg, - - - , x,, from X for which
m(x;) = 2z, fori=0,...,n,and any x € [z, -+ ,7,_1]. | This motivates

the construction of the potential function via the limit of a sequence of
functions in C'(X2, R).
We begin by fixing, for the moment, a sequence w € ¥,.

Definition 3.1. We would like to consider a sequence of functions
(un(2))22, in C'(X2,R) defined by:

_ exp (V" (zw
un(é) _ ngzomxn p( 1 (—)) Where 2 c 22

D —y o, EXP(UT (2'W0))
for n > 2, and uy(2) = >, exp(¢1(wow)), where:
(1) o =Yg w00 and g = 377 4 0 0
(2) each summation is over finite strings from >; for which z;
projects to z;, for t = 0,...,n; and

'Here = means that the ratio of the two sides are bound above and below (away
from zero) independently of n.



4 M. POLLICOTT AND T. KEMPTON

(3) zw € 3; denotes the concaternation of words to give the se-
quence (X, - , Ty, Wo, Wy * - ).

It is clear that u,(z) depends only on zy, -, z,, i.e., u, : ¥o — Ris a
locally constant function.

The sequence (u,,(2))22; has an explicit dependence on the sequence w.
When appropriate, we will change the notation to reflect the w dependence
by writing w,, »(z). We need the following result.

Proposition 3.2. The sequence {uyn(2)} converges uniformly to a
continuous function u(z) > 0 which is independent of w.

We will return to the proof of this proposition in the next section. Before
stating a corollary we present a lemma we need in its proof.

Lemma 3.3. If py, is a Gibbs measure with continuous potential 1,

then there exists C > 0 such that for any x = xg, - ,Tp,w,w €
n+1

¥1,n €N, exp( 1+1 (zw)) < C.
exp(P1™ (zu))
Proof. By definition, there exists C,Cy > 0 such that
Crexp(¥] ™ (zw)) < pyy[o, - 2] < Coexp(Uy*(zw')  (2)

for all w € ¥, and thus

exp(vf ™ (aw)) _ Cs

p($7 T (zw)) = Gy
The result follows with C' = Cy/C}. O

Corollary 3.4. The measure v = I, iy, is Gibbs measure for iy(z) =
logu(z) (i-e., v = piy,).
Proof. Fix n > 1. We can write

Py(z) = lm loguym(z) +---+ lm loguym,(0"z)

m—-+00 m—-+o00

( Zzzxo...xm eXp( In+1(w)) )

= lim 1
i, log

Moreover, for m > n we can factor the summation

S exp(r (zw))

Z=x0-Tm

— Z Z exp(Y7 ! (2'Tw)) exp(¥] " (Tw))

T'=x0 - Tp T=Tn+1"""Tm
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and then bound

- Y eprtaw) < 2 amag- XPWUT (20))

Cil— B Zf:$n+1"'ﬂ?m exp( {n_n(fw))

i

g

=exp(3o7 g log uw,m (072))

<C Y expit(z'w)

z'=z0"Tp

where C' is as in the previous lemma.
Since puy, is a Gibbs measure for ¢4, we can apply (2) and then

summing over strings with 7(x;) = z;, for i =0,--- ,n — 1, and letting

m — 400 gives

I/[ZO ... ZTL—]_]

exp(5(2))
It then follows from the definitions that v is a Gibbs measure for v,. [

Ch
— < <
C =~ =~ 0207

4. PROOF OF PROPOSITION 3.2

We return to the proof postponed from the previous section.

Definition 4.1. Let s > n, ¥ = x,41 - - - ©5 be a given finite string and
w € X. We define

D ey, EXP(UT (2TW))
> wimay oz, EXP(UT (2'W))

(where m(x;) = z; fori=1,--- s).

P(s,n) (f7 w) _

We require the following lemma.

Lemma 4.2. For s > n we have the identity

ups(2) = Y Uzwn(2) PO (T w)

T=Tp i1 Ts
where z € Xy (and 7w(x;) = z; fori=n—+1,---,s).

Proof. By definition, the numerator of u, s(z) is

Y e zw)

T=T0 " Ts

= Y Y et (aTw)) exp(yi " (Tw)).

L=TQ " Tn f:xn-ﬁ»l T
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(where 7(x;) = 2z for i = 0,...,s) and we have used "' (Taw) =

T (zmw) + ¥ (Tw). We can further rewrite this as

> ai—ay e, EXD(UT (2 TW))

T=Tn+1"Ts N x'=x1Tn

Z (Zx:c()xn exp(¢1 (ifw))) Z eXp(w?(ﬁlfw» eXp< ffn(fw))

ufy,n(z) ZE/:zlmzn exp(zprrl(g’fw))
We can now divide by the denominator of us(z) to get the result. [

Corollary 4.3. We can write
Ug,s(é) o Zf:wn_g_lmz’s ufwvn(é)P(s’n)(f7 w)

uw/7s(§) - Zf=ﬁn+1“'xs UEM/7n(§)P(S,n) (f7 w/) .

The following special case is illustrative.

Example 4.4 (Markov case). Assume 1; depends on only the first two
coordinates. Let s = n + 2 and then observe from the definitions that
Uz, 2 wn(2) is independent of w. In particular,

uw1w27n+2(§) o an,anrl umnﬂﬁnJrl,n(z)P(n—i_Q’n)(xnxn+17w1w2>
U wly n+2 (g) an,aﬂwrl Ugpxpi1,n (E)P(TH_Q’”) (xnmn—&-l, w’lwé)

In this case Lemma 4.2 corresponds to a linear action by a strictly
positive matrix, which contracts the simplex and so converges at an
exponential rate to a fixed line.

It remains to use the corollary to complete the proof of Proposition 3.2.
We require the following.

p(sn) (T,w)
PEA (za)

Lemma 4.5. There exists ¢ > 0 such that
Tp- o Xs and w,w' € X,

> c forall T =

Proof. Since xTw and xZTw’ agree in s places we see that

[ (aFw) — o (270)] < log (9)

Ch
and the result follows with ¢ = (%)2 . O
For each n > 0 and z € ¥, we denote
An = M(2) = sup{% cw,w' € 22} > 1.

Lemma 4.6. The sequence \g > A1 > Ao > - 2>\, > --->114sa
monotone decreasing sequence. Furthermore, the intervals
[infy, Uy n(2), SUP,, Uwn(2)] form a nested sequence in n.
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Proof. Fix n > 1. By definition

D magn 2wy XD (@0 1 w) exp(Y (2,41w))
DD DN exp(wl (2'Tn 1) exp(P1 (Tnp1w))

$"+1 Zx’—ml T, GXP(¢1 (‘7; $n+1W)

J

uw,nJrl (é) =

~~

Uz qw,n (2)

The inequality here comes from the fact that

Zan a(Tn 1) < max a(«’fn-s-l).
Zanrl (T y1) tnt1 O(Tny1)

Similarly, min,s g +1wn( 2) < Uy pt1(2). Thus if w, w' € ¥y then

ufbnﬂyn <§>

Uzl w' n (2)

U, n+1 (E)

<\,
uw’,n-&-l(i) -

<

Taking the supremum over w, w’ € ¥y gives that A\, 11 < \,. ]
The following inequality is central to our analysis.
Lemma 4.7. Let s > n. Then

As < cexp ( i vark(l/)l)> + (1 =)\, (3)

k=s—n

Proof. If \,, < exp (Zzzs_n Vark(wl)) then

As = cAs + (1 —c)As < cexp ( Z vary (¢ ) (1 =)\,

k=s—n

as required. Therefore, we can assume that \,, > exp (Zzzs_n vark(z/zl)).
For ease of notation, we denote b, := exp (22:8% Vark(wl)). We
want to combine Corollary 4.3 and Lemma 4.6. For any w,w’ € ¥ we
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can bound

Uy 5(2)

U 5(2)

B Dty Clzn(2) PO (T, w) + (1 = )tz n(2) PO (T, w)

Y a1, Clzw n(2) PO (@, w) + (PE(T, w') — cPE™ (T, w) )z o(2)

PREDY SR ¢ (b ming {uzrur n(2)}) P (T, w) + (1 — ¢) maxz{uguq(2)} P (T, w)

T D rmanerea, €MD Uz 1 (2) JPEN(T, w) + (PE(T,w') — cPEM(T, w)) ming {uzwn(2)}

S cnrny D PO (@, w) + (1 =€) gz Gl plen) (7, w)

D imansto, CPEM(T, W) + (PEN(T, 0') — P (T, w))
maxz{tzwn(2) }

ming {uzw »(2)}

< cbsn + (1 =)\,

< cbspn + (1 —c)

as required. For the second line here we decreased the denominator by
replacing Uz, ,(z) with ming{uz, (z)} and increased the numerator

by replacing uzyn,(z) with maxz{uz,n(2)} and by, ming{uz. (z)}.
U

Choosing s = 2n gives the following.
Corollary 4.8. For any n > 1 we can bound

2n
Aan < coxp (Z varkwl)) H(1- A,

k=n

J/

~
b2n,n

In particular, since by, ,, — 1 as n — +oo it is clear that lim,,_, o A,
1. Moreover, the regularity of u, and thus 15, is determined by the speed
of convergence.

To complete the proof of Proposition 3.2 we need the following simple
lemma.

Lemma 4.9. We have that

(1) for any w € Xo the limit u(z) = lim,— oo Uy n(2) exists; and
(2) 1y :=log(u(z)) is continuous in z € Xs.

Proof. For the first part, it suffices to use the previous observation that
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For the second part we observe that if 2z, 2z, € Yo agree in n terms
then for any w, we have u,(z;) = u,(2z,). Thus

Uz | < g {—uw’"(gl) Pw,w' € Ez} =\
u(z,) Ui (22)

and again the result follows from lim, ., A, = 1. O

We now have that ¥y = logu is a well defined continuous function
which is a potential for v, which completes the proof of Proposition 3.2.

Remark 4.10. There are more general hypotheses on the hypotheses
that one might consider including , for example, the Walters’ condition.
However, it is not immediately clear how the methods in this paper
can be adapted to that case. However, observe that any potential
satisfying the Bowen-Gibbs inequality must necessarily be uniformly
continuous. Since the only condition on ; that we have used is that
it is uniformly continuous, Proposition 3.2 shows that if 11, is a Gibbs
measure. Then v :=II(uy, ) is a Gibbs measure.

5. REGULARITY OF THE POTENTIAL 1)

In this section we will consider the regularity properties of 15 := log u.
The following is our main result.

Theorem 5.1. Let k> 0. If > 00 n"oar, (1) < oo then
S gnfvar, () < oo.

Proof. Let 0 < ¢ < 1 be asin Lemma 4.5. Choose 1 < # < 1/(1—¢) and
an integer M > 1 sufficiently large that o := 3(1—c) (1+ &) (1 — %)_H
1. Let us denote a,, = log A\, and recall the trivial inequality 1 + x <
exp(z) < 1+ fx, for x > 0 sufficiently small. Thus providing Ny is
sufficiently large we can deduce from (3) that for any n > N

A\

n

1+a, <exp(a,) < c.exp Z vary, (Y1) | + (1 — c) exp(an—pm/m)
m=[n/M]|

n

< ct(I—c)+Bc Y varm(ih) + Bl = €)an_nm
m=[n/M]

and hence that for any N > N,

N N n N
o onfa, < ey nt Y vary(h) +B(1—c) > nan

n=Ny n=Nyp m=[n/M] n=Ny

(where [-] denotes the integer part ).
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We can bound
N n N
YID DETATIPITD Sl pEeren
n=Np m=[n/M] n=Ny m—[n/M}
< Mt Z n"oar, (1)
n=Ny
and
N
DR
n=~Np

N

1 K

< W Z (n = [n/M])" an-fn/m)
M n=DNgp

[N—27]+1
m=a,, + Z n — n/M (p—[n/M]

1
D —
B (1 - ﬁ)n Z No<n<N
[NO_V] Mn+1
i
g f Z m*a,, + O(1)
M m=Ny
where we have used that
1 N
> =M <5 > mhan
No<n<N m=No—[No/M]
M|n+1
No—1
and Z m”a,, = O(1).
m=No—[No/M]

Comparing the above inequalities we can bound
( )Znan<ﬁcM”“Zn

1-B(1—c
( -t

var,(¢1)+0(1)

n=Nyp

-~

>0
Letting N — +00 we see that Y > _ N, Man < 00, which completes the
O

proof.
When k = 0 we have the following corollary, which was stated in the

Introduction.
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Corollary 5.2. If Y  nvar,(¢1) < oo then >~ jvar,(is) < 0.
Another application of (3) is the following.

Theorem 5.3. Assume there exists ¢y > 0 and 0 < 0; < 1 such that
vary (1) < 019{/5, for allm > 0 then there exists co >0 and 0 < 0y < 1
such that var,(1y) < 0205/5, for alln >0

Proof. By inequality (3) we can write

A < cexp | ¢ Z QI/E + (I =) Aym
k=n—[v/n]

< cexp (CGWm) + (L= o)A ym

for any #; < # < 1 and some C' > 0. Using this inequality inductively
[\/n] times, we can write

A < cexp (C’@[m> +(1—-c¢) <cexp (C’@hﬂﬂ) + (1 - c))\n72[\/m)

[vn]
< cexp (C’Q[‘/’ﬂ> Z(l —o)f + (1 - c)[ﬁ]/\n,[mz

k=0
< exp (C’QWm) + (1 =)V,

In particular, we see that |\, — 1| = O <9§/E>, where 0y = max{0, (1 —
c¢)} from which the result follows. O

The following is an easy consequence of the theorem and its proof.

Corollary 5.4. Assume there exists ¢ > 0 and 0 < 0 < 1 such that
var, (1) < 0™ for alln > 0 (i.e., ¥y is Hélder continuous) then there
exists cy > 0 such that var, (¥y) < c,0V™ for alln > 0.

The same conclusion, using a different proof, appears in (3).
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